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Introdução

τ =
d

dt

∂L

∂q̇
−

∂L

∂q

• L = K − P é denominado Lagrangeano
• K é a energia cinética

K =
n
∑

i=1

Ki , Ki =
1

2
miV

T
i Vi =

1

2
mi Tr(ViV

T
i )

• P é a energia potencial

P =
n
∑

i=1

Pi , Pi = −mig
T 0Pci = −mig

T 0Ti
iPci
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Velocidade do Centro de Massa
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dt
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Velocidade do Centro de Massa

• Das convenções de Denavit-Hartenberg:

i−1Ti =















cos θi − cos αi sin θi sin αi sin θi ai cos θi

sin θi cos αi cos θi − sin αi cos θi ai sin θi

0 sin αi cos αi di
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Velocidade do Centro de Massa

• para junta rotacional:

∂i−1Ti

∂θi

=












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Velocidade do Centro de Massa

• Para junta prismática:

∂i−1Ti

∂di

=
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
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Velocidade do Centro de Massa

Pode-se agora calcular

Uij =
∂0Ti

∂qj

=

{

0Tj−1Qj
j−1Ti , paraj ≤ i

0 , paraj > i

de onde pode-se obter

0Vi =

(

i
∑

j=1

Uij q̇j

)

iPci
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Energia Cinética dos Elos

dKi =
1

2
Tr
(

0Vi
0V T

i

)

dmi

dKi =
1

2
Tr





i
∑

p=1

Uipq̇p
iPci

(

i
∑

r=1

Uirq̇r
iPci

)T


 dmi

=
1

2
Tr
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i
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p=1

i
∑
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Uipq̇p
iPci

iP T
ci q̇rU

T
ir
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=
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2
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i
∑
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Energia Cinética dos Elos

• Uij e q̇i são independentes da distribuição de
massa do eloi

Ki =

∫

dKi =
1

2
Tr

[

i
∑

p=1

i
∑

r=1

Uip

∫

iPci
iP T

cidmiU
T
ir q̇pq̇r

]

Definindo-se

Ji =

∫

iPci
iP T

cidmi =








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


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i dmi

∫

xiyidmi

∫

xizidmi

∫
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∫
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∫
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Energia Cinética dos Elos

K =
n
∑

i=1

Ki =
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∑
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i
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i
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Tensor de Inércia

Iij =

∫

[

δij

(

∑

k

x2
k

)

− xixj

]

dm

Ji =






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−Ixx+Iyy+Izz

2 Ixy Ixz mixci

Ixy
Ixx−Iyy+Izz

2 Iyz miyci

Ixz Iyz
Ixx+Iyy−Izz

2 mizci

mixci miyci mizci mi











Copyright (c) Walter Fetter Lages – p.11



Energia Potencial dos Elos

P = −

n
∑

i=1

mig
T 0Ti

iPci
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Lagrangeano

L =
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∑
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∑
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∑
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T
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T 0Ti
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Torque

τi =
d

dt

∂L

∂q̇i
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∂qi
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=
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j
∑

k=1

Tr
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d
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∑
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j
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∂
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∑
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Torque

Definindo

Ujkm =
∂Ujk

∂qm

=















0Tk−1Qk
k−1Tm−1Qm
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0Tm−1Qm
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d
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Torque

∂L

∂qi

=
n
∑

j=i

mjg
TUji

jPcj

τi =
n
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j=i

j
∑
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Tr
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ji
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n
∑
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∑
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∑
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∑
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Torque

τi =
n
∑

k=1

Mikq̈k +
n
∑

k=1

n
∑

m=1

Vikmq̇kq̇m + Gi

Mik =
n
∑

j=max(i,k)

Tr
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UjkJjU
T
ji

)

Vikm =
n
∑

j=max(i,k,m)

Tr
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UjkmJjU
T
ji
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n
∑

j=i

−mjg
TUji

jPcj
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Torque

• na forma matricial:

τ = M(q)q̈ + V (q, q̇) + G(q)
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Modelo no Espaço de Estados

q̈ = M−1(q) [τ − V (q, q̇) − G(q)]

x =

[

q

q̇

]

=

[

x1

x2

]

u = τ

ẋ2 = f2(x1, x2) + g2(x1)u

f2(x1, x2) = −M−1(x1) (V (x1, x2) + G(x1))

g2(x1) = M−1(x1)
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Modelo no Espaço de Estados

• na forma afim:

ẋ = f(x) + g(x)u

sendo

f(x) =

[

x2

f2(x1, x2)

]

g(x) =

[

0

g2(x1)

]
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