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ABSTRACT

This work focus on the application of model-based predéctiv
control (MPC) to the trajectory tracking problem of
nonholonomic wheeled mobile robots (WMR). The main
motivation of the use of MPC in this case relies on its
ability in considering, in a straightforward way, contrahca
state constraints that naturally arise in practical proisle
Furthermore, MPC techniques consider an explicit perfoicea
criterion to be minimized during the computation of the coht
law. The trajectory tracking problem is solved using two
approaches: (1) nonlinear MPC and (2) linear MPC. Simutatio
results are provided in order to show the effectiveness &i bo
schemes. Considerations regarding the computationait effo
of the MPC are developed with the purpose of analyzing the
real-time implementation viability of the proposed tecjues.

KEYWORDS: Mobile robots, trajectory tracking, nonholonomic
systems, model-based predictive control.

1 INTRODUCTION

The field of mobile robot control has been the focus of
active research in the past decades.
simplicity of the kinematic model of a wheeled mobile robot
(WMR), the design of stabilizing control laws for those

systems can be considered a challenge due to the existence o

nonholonomic (non-integrable) constraints. Due to Brditke
conditions (Brockett, 1982), a smooth, time-invarianttist

state feedback control law cannot be used to stabilize a

nonholonomic system at a given configuration. To overcome
this limitation most works use non-smooth and time-varying
control laws (Bloch e McClamroch, 1989; Samson e Ait-

etal., 1992; Yang e Kim, 1999; Do et al., 2002; Sun, 2005).

Traditional techniques for the control of nonholonomic WMRs
often do not present good results, due to constraints ortsnpu
or states that naturally arise. Also, in general, the rawmplt
closed-loop trajectory presents undesirable oscillatoogions.
Furthermore, tuning parameters are difficult to choose deor

to achieve good performance since the control laws are not
intuitively obtained. Model-based predictive control (MIP
appears therefore as an interesting and promising appfoach
overcoming the problems above mentioned. In particular, by
using MPC it follows that: the tuning parameters are disectl
related to a cost function which is minimized in order to abta
an optimal control sequence; constraints on state andaiontr
inputs can be considered in a straightforward way. Thustrabn
actions that respect actuators limits are automaticaergted.

By considering state constraints, the configuration of tiet

can be restricted to belong to a safe region (Kihne, 2005).
On the other hand, the main drawback of MPC schemes is
related to its computational burden which, in the past ydwad
limited its applications only to sufficient slow dynamic sss.
However, with the development of increasingly faster pssoes

and efficient numerical algorithms, the use of MPC in faster

Despite the apparentapplications, which is the case of WMRs, becomes possible.

Although MPC is not a new control method, works dealing with

MPC of WMRs are sparse. In (Ollero e Amidi, 1991; Normey-

Rico et al., 1999), GPC (Generalized Predictive Contralisisd

to solve the path following problem. In that work, it is sugpd

that the control acts only in the angular velocity, while linear
velocity is constant. Hence, an input-output linear model i
used to compute the distance between the robot and a rederenc
path. Note that differently from the trajectory trackingplem,

Abderrahim, 1991; Canudas de Wit e Sgrdalen, 1992; Yamamoto N the path following the reference is not time-parameegtiz

e Yun, 1994; McCloskey e Murray, 1997). On the other hand,
this limitation can be avoided when the objective is thekirag
of a pre-computed trajectory (Kanayama et al.,
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In (GOmez-Ortega e Camacho, 1996) a nonlinear model of the

WMR is used for trajectory tracking. The problem is solved
1990: Pomet CoOnsidering unknown obstacles in the configuration space. A



neural network helps to solve the optimization problem. cAls
in (Yang et al., 1998) the path following problem is solved
by using a neural network to predict the future behavior of a
car-like WMR. The modelling errors are corrected on-linehwit
the neural network model. Using a nonlinear model of the
robot, in (Essen e Nijmeijer, 2001) a nonlinear MPC (NMPC)
algorithm in state-space representation is developedghwisi
applied to both problems of point stabilization and trajegt
tracking. A modified cost function to be minimized is propise
Accordingly to the authors, the MPC developed in that work ca
not be applied in real-time, given the high computationédréf
necessary in the optimization problem.

In this paper, we are interested in the application of MPC
schemes to control a WMR in the problem of trajectory tracking

X, v

»

XV

Figure 1: Coordinate system of the WMR.

Two approaches based on state-space representation of the

kinematic model of a nonholonomic WMR are developed. First,
a nonlinear MPC (NMPC) is developed, which leads to a
non-convex optimization problem. In a second approach, a
linear technique is proposed to overcome the problem ctlate
to the computational burden of the NMPC. The fundamental
idea consists in using a successive linearization approash
briefly outlined in (Henson, 1998), yielding a linear, time-
varying description of the system. From this linear degimip

the optimization problem to be solved at each sampling
period is a quadratic program (QP) one, which is convex and
computationally less expensive than the optimization jemb
that arises in the classical NMPC.

Finally, analysis regarding the computational effort aaeried
out in order to evaluate the real-time implementability log t
MPC strategies proposed here.

2 PROBLEM FORMULATION

A mobile robot made up of a rigid body and non deforming
wheels is considered (Fig. 1). It is assumed that the vehicle
moves without slipping on a plane, i.e., there is a purenglli
contact between the wheels and the ground. The kinematic
model of the WMR is then given by (Campion et al., 1996):

T =wvcosf
Yy =wvsinf 1)
6=w
or, in a more compact form as
x = f(x,u), (2

wherex = [z y 6]T describes the configuration (position and
orientation) of the center of the axis of the whedls, with
respect to a global inertial framgD, X, Y}. u = [v w|T is
the control input, where andw are the linear and the angular
velocities, respectively.

As described in the next sections, in MPC a prediction model

is used and the control law is computed in discrete-time.

Thus, a discrete-time representation of this model becomes
necessary. Considering a sampling perigch sampling instant

k and applying the Euler's approximation to (1), we obtain the
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following discrete-time model for the robot motion:

x(k+1) = z(k) +v(k) cos (k)T
y(k+1) =y(k) +v(k)sinf(k)T
O(k+1)=0(k)+w(k)T

or, in a compact representation,

x(k +1) = fa(x(k), u(k)) ®)

The problem of trajectory tracking can be stated as to find a
control law such that

x(k) —x,(k) =0

wherex, is a known, pre-specified reference trajectory. It is
usual in this case to associate to this reference trajeatoryual
reference robot, which has the same model than the robot to be
controlled. Thus, we have:

f(X’!‘? u?")7

or, in discrete-timex,.(k + 1) = fa(x,(k),u,(k)).

(4)

X,

3 THE NONLINEAR MPC APPROACH

In this section, the trajectory tracking problem is solveithw
a NMPC strategy. In order to evaluate the performance of the
approach, simulation results are shown.

MPC is an optimal control strategy that uses the model of the
system to obtain an optimal control sequence by minimizing
an objective function. At each sampling instant, the model i
used to predict the behavior of the system over a prediction
horizon. Based on these predictions, the objective fundgo
minimized with respect to the future sequence of inputss thu
requiring the solution of a constrained optimization pevblifor
each sampling instant. Although prediction and optimaatre
performed over a future horizon, only the values of the iaput
for the current sampling interval are used. The same proeedu
is repeated at the next sampling instant with updated psoces
measurements and a shifted horizon. This mechanism is known
asmoving or receding horizon strategy, in reference to the way
in which the time window shifts forward from one sampling
instant to the next one (Camacho e Bordons, 1999; Allgower
etal., 1999).



From (3), the prediction of the robot motion is obtained as Considering the robot model described by (1), the optinomat
follows: problem (7)—(10) is used to solve the problem of trajectory
_ ) ) tracking, with a cost function in the form of (5). Using

x(k+ 7 +1/k) = fa(x(k + jlk), u(k + jlk)), a reference trajectory in "U" form and with the tunning

wherej € [0, N — 1] and the notatioru(m/|n) indicates the ~ ParametersiV =5, Q = diag(1;1;0,5), R = diag(0,1;0,1)

value ofa at the instantn predicted at instant. By defining and with an initial condition oko = [-1 —1 0]", we have the

error vectorst = x — x,- andia = u — u,., we can formulate the ~ Simulation results shown in Figures 2 and 3.

following objective function to be minimized:

N . ]
(k) =Y %" (k+ jlk)Qx(k + jlk)+ T ~
j:l 6 | -
+ 0" (k+j— 1[k)Ru(k + j — 1[k), (5) s fo
where N is the prediction horizon an€) > 0, R > 0 are a- .
weighting matrices for the error in the state and contrabldes, _ |
respectively. = [
We consider also the existence of bounds in the amplitudeeof t il |
control variables: 1k 1
Wpnin < u(k +]|k) < Umaz (6) or 7
whereu,,,;,, stands for the lower bound ang,,, stands for the -1 1
upper boundl Note that we can write (6) in a more general form ‘ ‘ ‘ ‘ ‘ ‘
as ) ) 2 4 6 8 10
Du(k + j|k) < d o
with: Figure 2: Trajectory in th&(Y plane.

— I _ | Wmnaz
o-[A) -]

and, in a similar way, state constraints can be generically 05
expressed bx(k + jlk) < c.

Hence, the nonlinear optimization problem can be stated as:

x*,u* = argmin {®(k)} (7)
x,u
i
S- a. 0.25 L L L L L Il Il
10 20 30 40 50 60 70
X(k|k) = X0, 8)
x(k+j +1|k) = fa(x(k + jlk), u(k + j[k)), — (9) ’

Du(k + jlk) < d, (20) 2 i
wherej € [0, N — 1]. xo is the initial condition which % 1 i
corresponds to the value of the states measured at the turren =
instant. Constraint (9) represents the prediction model(af) o | ] | ]
is the control constraint which may be present or not in the . ‘ ‘ ‘ ‘ ‘ ‘ ‘
optimization problem. Notice that the decision variablesizoth 0 10 2 % empo %0 50 °
state and control variables.
The optimization problem (7)—(10) must therefore be solved Figure 3: Controls inputs.
at each sampling time:, yielding a sequence of optimal o .
states {x*(k + 1|k),...,x*(k + N|k)}, optimal controls It can be noted in Fig. 2 that the problem is successfullyeslv
{u*(k|k),...,u*(k+N—1|k)} and the optimal cosk* (k). The but with low convergence rate. Fig. 3 shows that the gengrate
MPC control law is implicitly given by the first control actio control signals respect the imposed constraints. The dattbd
of the sequence of optimal contral? (k|k), and the remaining  lines stands for the reference trajectories.

ortion of this sequence is discarded. . .
P q In the attempt of increasing the convergence rate, (Essen e

As a case study, let us consider the robot Twil (Lages, 1998), Nijmeijer, 2001) proposed a modified cost function in order t

which have the following limits in the amplitude of the canitr increase the state penalty over the horizon, thus forciagtdttes
variables (Kiihne, 2005): to converge faster. Hence, the idea of exponentially irsineg
state weighting has been introduced. Also, a terminal stadé
W — . — [ 0.47m/s } (11) has been added to the cost function to be minimized. Fronethes
mer 3.7 rad /s

2All the optimization problems in this section has been solvéth whe
1The symbol stands for componentwise inequalities in this case. MATLAB routinef m ncon.
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modifications the cost function assumes therefore theviig
form:

N—-1
(k) = %" (k + jlk)Q(j)%(k + j|k)+
=1
Nflj
+ al (k + jlk)Ra(k + jlk) + Qx(k + N|k)), (12)
j=0
where Q(j) = 2/7'Q and Q(x(k + Nlk)) = xT(k +

N|k)Px(k + N|k), with P > 0, is the terminal state cost.

Thus, by using the same conditions of the first case With-
30Q(N), we have the results shown in Figures 4 and 5.

L N
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Figure 4: Trajectory in th&(Y” plane.
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Figure 5: Controls inputs.

Thus, comparing Figures 2 and 4, it can be clearly seen tkat th
robot presents a higher convergence rate, and Fig. 5 shavs th
the control signals respect the imposed constraints.
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4 THE LINEAR MPC APPROACH

In this section we introduce a linear MPC (LMPC) scheme
applied to the problem of trajectory tracking.

Although many NMPC techniques has been proposed in the
literature (Chen e Allgéwer, 1998; Allgower et al., 1999, i
should be noticed that the computational effort necessettyis
case is much higher than in the linear version. In NMPC there
is a nonlinear programming problem to be solved on-linecthi

is nonconvex, has a larger number of decision variables and a
global minimum is in general impossible to find (Henson, 1998

In this section, we propose a strategy in order to reduce the
computational burden. The fundamental idea consists imgusi

a successive linearization approach, yielding a lineaneti
varying description of the system. Then, considering therob
inputs as the decision variables, it is possible to tramsftire
optimization problem to be solved at each sampling time ifPa Q
problem (Kihne, 2005). Since they are convex, QP problems ca
be easily solved by numerically robust algorithms whicldlea
global optimal solutions.

A linear model of the system dynamics can be obtained by
computing an error model with respect to a reference car. By
expanding the right side of (2) in Taylor series around thatpo
(%, u,-) and discarding the high order terms it follows that:

of(x
x = f(xr,uy) + % X=X, (e =)+
ofxu)|
au xzﬁr (u - 117-),

or,

).(:f(Xr7uT)+fx,r(x_xr)+fu,r(u_ur>7 (13)

wherefy , and f,, , are the jacobians of with respect tax and
u, respectively, evaluated around the reference ppintu,).
Then, the subtraction of (4) from (13) results in:

;{ = fx,r)~< + fu,rﬁv

where,x = x — x, represents the error with respect to the
reference car ant = u — u, is its associated error control
input.

The approximation ok by using forward differences gives the
following discrete-time system model:

%(k+1) = A(R)X(k) + B(k)a(k), (14)
with
1 0 —wv.(k)sind,.(k)T
Ak)=10 1 wp(k)cosb.(k)T
0 0 1
[cos0,. (k)T 0
B(k) = |sinf. (k)T 0
o0 T

In (Bloch e McClamroch, 1989) it is shown that the nonlinear,
nonholonomic system (1) is fully controllable, i.e., it che
steered from any initial state to any final state by usingdinit
inputs.



A(k|k) B(kl|k) 0 0
A(k+ 1|k)A(k|k) Ak + 1|k)B(k|k) B(k + 1]k) 0
A(k) = : B(k) = : : : (15)
a(k,2,0) alk,2,1)B(klk)  a(k,2,2)B(k + 1]k) 0
a(k,1,0) alk,1,1)B(k|k) «(k,1,2)B(k + 1]k) B(k+ N —1|k)
On the other hand, it is easy to see that when the robot is not s. a.
moving (i.e.,v, = 0), the linearization around a stationary Dia(k +jlk) <d, j €[0,N —1] (20)

operating point is not controllable. However, this lineation
becomes controllable as long as the control inpuis not
zero (Samson e Ait-Abderrahim, 1991). This implies that the
tracking of a reference trajectory is possible with lined?®

Now it is possible to recast the optimization problem in an
usual quadratic programming form. Hence, we introduce the
following vectors:

%(k + 1|k) a(k|k)
x(k+ 2|k) a(k + 1|k)
x(k+1) = : ,a(k) = :
%(k + N|k) lk+ N — 1]k)
Thus, withQ = diag(Q;...; Q) andR = diag(R;...;R), the
cost function (5) can be rewritten as:
®(k) =xT(k+1)Qx(k + 1) + ul (k)Ra(k), (16)

Therefore, it is possible from (14) to writg k + 1) as (Kihne,
2005): B B
x(k+1) = A(k)x(k|k) + B(k)a(k),

whereA andB are defined in (15) witl(k, 5, 1) given by:

e

From (16), (17) and after some algebraic manipulations,ave c
rewrite the objective function (5) in a standard quadradior.

17)

a(k, j,1) Ak +ilk)

i J

(k) = %GT(k)H(k)ﬁ(k) +fT(k)a(k) +d(k)  (18)
with
H(k) =2 ( (k)" QB(k) + R)
£(k) = 2B (k) QA (k)X (k|k)
d(k) = x" (k[k)AT (k) QA (k)x(k[k)

The matrixH(k) is aHessian matrix, and it is always positive
definite. It describes the quadratic part of the objectivefion,
and the vectof describes the linear pad is independent oi
and has no influence in the determinationitf Thus, we define

' (k) = %ﬁT(k)H(k)ﬁ(k) + T (k)a(k),
which is a standard expression used in QP problems and the
optimization problem to be solved at each sampling timesitesit
as follows:
o)

u* = argmin {®'( 19)
u
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Note that now only the control variables are used as decision
variables. Furthermore, constraints for the initial caiodi and
model dynamics are not necessary anymore, since now these
informations are implicit in the cost function (18), and any
constraint must be written with respect to the decisionaldes
(constraint (20)). In this case, the amplitude constraimthe
control variables of (6) can be rewritten as

Umin — ur(k‘ +j) S fl(k‘ +]|k) S Umaz — ur(k +j)
and we have that:
. I o umax_uT(k+j)
Di |:_I:| ’ di |:umzn+ur(k+j)

Since the state prediction is a function of the optimal saqa¢o
be computed, it is easy to show that state constraints carbals
cast in the generic form given by (20). Furthermore, coissa
on the control rate and states can also be formulated in #asimi
way.

Using the same procedure above, the malixkt) and the
vectorsf(k) andd (k) can be easily rewritten in order to consider
the more generic cost function (12). In this case it suffices
to considerQ in (18) asQ = diag(2°Q,2'Q,...,2V"1P),
whereP is the terminal state penalty matrix. Considering the
same data used in the cases previously shown, the optionzati
problem (19)—(20) is solved at each sampling time. Figures 6
and 7 show the simulation resiitis this case, where the dash-
dotted lines stand for the reference trajectories and tbeath
line stand for the trajectories of the nonlinear case (Kgut
and 5).

y (m)
w

Il Il Il Il Il
-2 0 2 4 6 8
X (m)

10

Figure 6: Trajectory in th&(Y” plane.

3The optimization problem was solved with the AML.AB routine

guadpr og.



05 and linear cases. For a horizon higher than 10, the NMCP
. would not be applicable, while the LMPC presents admissible
computational effort for a horizon of 20 or even higher. Oa th
other hand, comparing the performance showed in Fig. 6 and
Table 1, we can say that the linear approach developed here is
}P‘\ a good alternative when lower computational effort is neaps

025 ‘ ‘ ‘ ‘ ‘ ‘ ‘ since it does not presents a significative loss in performanc
0 10 20 30 40 50 60 70

v (m/s)

" 6 CONCLUSION

r i This paper has presented an application of MPC to solve the
2 8 problem of mobile robot trajectory tracking. Two approache

. ‘ , o have been presented, first with nonlinear MPC (leading tana no
. convex optimization problem) and after that with linear MPC
T L] (by recasting the problem as a quadratic programming ore. T

o 10 2 % 20 %0 5 70 obtained control signals are such that the constraintssegbon
empo (<) the control variables are respected and the convergeresasd
improved by some modifications in the cost function.

w (rad/s)

Figure 7: Controls inputs.
In addition, a study regarding the computational effortassary
to solve the optimization problems has been carried outderor

It can be seen that there are not significative differencedset to evaluate the implementability of the proposed schemiesiia
the nonlinear (Figures 4 and 5) and linear cases (Figuresl6 an tjime.

7). Once more, the computed control signals respect thesatpo

constraints. With the linear approach, it has been possible to reduce the
computational effort, since the MPC optimization probleas h
5 COMPUTATIONAL EFFORT been recasted as a QP one. In comparison with the nonlinear

approach, it has been noted that the linear strategy mantai

The use of MPC for real-time control of systems with fast 900d performance, with lower computational effort. It is
dynamics such as a WMR has been hindered for some time due IMportant to point out that the LMPC ha_s the disadvantage tha
to its numerical intensive nature (Cannon e Kouvaritaki§®. the linearized model is only valid for points near the refiess
However, with the development of increasingly faster pssoces trajectory. However, this problem can be easily solved with

the use of MPC in demanding applications becomes possible. ~ Pure-purstit strategy (Normey-Rico et al., 1999).
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